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1. FORMULATION OF THE PROBLEM AND THE MAIN RESULTS
We study an initial—boundary value problem for the three-dimensional equations of motion of a baro-

tropic viscous gas. The gas is assumed occupy a bounded domain Q c R’. Its state is completely charac-
terized by the density distribution o(x,7) and the velocity field u(x, #). The problem is to find u and p sat-
isfying the following equations and boundary and initial conditions in the cylinder Q, = Q x (0,7):

d,(ou) + div(ou ® u) + Vp(p) = divS(u) + of in Oy, (1.1a)
d,0+diviou)=0 in Qp, (1.1b)

u=0 on 0Qx(0,7T), (1.1c)

u(x,0) =uy(x), o(x,0)=p94(x) in Q. (1.1d)

Here, f denotes a given mass force field and S(u) is the viscous stress tensor defined as

Su) =v,(Vu+Vu')+v,divul, (1.1e)
where the viscosity coefficients are constants satisfying the conditions v, >0 and v, +v, > 0. It is

assumed that p = o”, where ¥ > 1 is the ratio of specific heats.

The first nonlocal results concerning the mathematical theory of boundary value problems for the two-
and three-dimensional compressible Navier—Stokes equations were obtained by P.L. Lions. Specifically,
he showed in [1] that the basic boundary value problems for these equations with a pressure function

p ~ 0" have weak solutions for all Y > 5/3 in the three-dimensional case and for all ¥ > 3/2 in the two-
dimensional case. Later, the solvability of problem (1.1) for all Y > 3/2 in the three-dimensional case and
for Y > 1 in the two-dimensional case was proved in [2]. For a detailed representation of this theory, the
reader is referred to [3—5]. The solvability of problem (1.1) for y < 3/2 remains an open question. The
basic difficulty is associated with energy concentration (see [1, Chapter 6.6]). Specifically, a finite energy
can concentrate in arbitrarily small domains, forming so-called concentrations. To avoid them, one has
to prove that the total energy density of the gas is equipotentially absolutely integrable, i.e., has a better

estimate than that in the L' (Q7) norm. The problem simplifies considerably if the concentrations can be
localized. This is possible if the flow has additional symmetry properties.
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388 WEIGANT, PLOTNIKOV

In this paper, we consider the case of a rotationally symmetric solution with possible concentrations
located near the axis of rotation. To formulate the results more precisely, we introduce the following nota-

tion. Let T, @, and x; denote cylindrical coordinates in ]R3,
X =TCOSQ, X, =7TsinQ, x;=Xx;. (1.2)
Let

U, =U cosQ+u,sin®, u,=—-usin@+u,cosq,

®

. . (1.3)
Ji=ficos@+ fosing,  f, =—fisind+ f,cose.

Definition 1.1. A gas flow is said to be rotationally symmetric if (¢, ., u,, uy) are independent of @.

Special cases of rotationally symmetric flows are axisymmetric flows with u, = 0 and spherically sym-

metric flows with (o, u) depending only on |x]|. In the case of spherically symmetric flows, the existence of
weak global solutions was proved for all y > 1 in [6] (see also [7]). Axisymmetric and helically symmetric
flows were studied in [8, 9], where the existence of weak solutions was also proved for all y > 1. However,
in contrast to the spherically symmetric case, the resulting solutions do not satisfy the equations on the
axis of symmetry.

Our goal is to weaken the constraint y > 3/2 for the case of rotationally symmetric flows and to prove
the existence of weak solutions for all y greater than some critical value v* € (1, 3/2). Hereafter, the flow
region and the data of the problem are assumed to satisfy the following conditions.

Condition 1.1.

¢ O c R’ isabounded domain with a C” boundary and is invariant under rotations about the X5 axis.

e The functions gy, Uy, gy, Uy3s f1» fo» and f; are independent of @. Additionally, oy, u, € L™(Q),
fe L7(Qr), and

”u0”W0"2(Q) + ||QO||L°°(Q) + ||f||L°°(QT) se6 Qo > C_l >0, (1'4)

where ¢ is a positive constant.
The weak solution of problem (1.1) is defined as follows.

Definition 1.2. Apairpe L”(0,7;L'(Q)),ue L0, T; Wol’z(Q)) is said to be a weak solution of prob-
lem (1.1) if the following conditions are satisfied:

e The kinetic energy of the flow is bounded, i.e., o |u|2 e L7(0,T; LI(Q)), and the gas density is nonneg-

ative: g = 0.
e The integral identity
J- (ou- 9, +ou®u:VE+ o divg — Su) : VE)dxdt
O (1.5)
+ j of - Edxdt + Igouo(x) “E(x, 0)dx = 0
Or Q

holds for any vector field € € C”(Q;) that vanishes in a neighborhood of 0Q x [0,7] and Q x {¢ = T}.
e The integral identity

j 00,y + ou - Vy)dxdr + j 00(W(x, 0)dx = 0 (1.6)
Or Q

holds for any function y € C”(Qy) that vanishes in a neighborhood of Q x {r = T'}.

Together with the basic problem (1.1), we consider the one-parameter family of regularized boundary
value problems

d,(0u,) +div(ou, @ u.) + Vp.(0.) = divS(u,) + o.f in O, (1.7a)
d,0. +div(om) =0 in O, (1.7b)
u, =0 on d9dQx(0,7), (1.7¢)
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ROTATIONALLY SYMMETRIC VISCOUS GAS FLOWS 389

u(x,0) = ug(x),  0:(x,0) =gp(x) in Q, (1.7d)

where the modified pressure function is given by

p(0)=0"+eo0", ee (01, m=6. (1.7¢)

The existence of a weak solution to problem (1.7) was established in [3, 1]. The following proposition
is a consequence of those results.

Proposition 1.1. Let the domain Q) and the functions u,, o,, and f satisfy Conditions 1.1. Then problem (1.7)
has a rotationally symmetric weak solution (0., u,) obeying the following conditions:

(i) The functions o, > 0 and u, satisfy the energy inequality

2
esssupj{gS ull+ o) +eo)dx + I|Vu£| dxdt < c, (1.8)

0.1 ¢ 0,

where c is independent of €.
(ii) The integral identity
[ (0eu, - 98xdxdt + [ (o, ® u, + polol - S(u,) : VEdxas

Or Or
(1.9)
+ [ oof - Bdxdr + [ 0y(0)u(x) - E(x,0)dx = 0
Q

Or
holds for all vector fields € € C”(Q) satisfying the conditions
Ex,7)=0 in Q, Ex,0)=0 on 0dQx(0,T).
(iii) The integral identity
[ @9 + 0., - Vyydxdr + [ wix, 0)0ydx = 0 (1.10)
Or Q

holds for all smooth functions \y vanishing in a neighborhood of Q X {t = T}.
Passing to a subsequence, we can assume that there exist (o, u) such that

0. — o0 star-weaklyin L7(0,T;L"(Q)),

(1.11)
u, —u weaklyin L2(0, T; WOI’Z(Q)).
Obviously, the limiting functions also satisfy the energy estimate
2
ess supj{g‘uz‘ + o )dx + j Vu| dxdt < c. (1.12)

€01 ¢ o,

To prove the solvability of problem (1.1), it is sufficient to show that each term in integral identities (1.9)
and (1.10) converges as € — 0 to the corresponding term in integral identities (1.5) and (1.6). According
to the general theory of the viscous compressible Navier—Stokes equations (see [4, 5]), the passage to the
limit will be substantiated if we prove that the energy density on any compact subset of Q; satisfies an esti-
mate stronger than the energy one. More precisely, it is sufficient to show that, for any compact set

K € 0y,

[ +e0l™xdr <, (113)
K
2 1+
f(@glugl ) dxdt<c, (1.14)
K

where 9 > 0 is a constant independent of K or €, while ¢ is a constant depending on K, but independent
of €. It is well known (see [4, 5]) that estimate (1.13) is a consequence of estimate (1.14) and Bogovskii’s
lemma. Therefore, the solvability of problem (1.1) is reduced to the validity of inequality (1.14) for all
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390 WEIGANT, PLOTNIKOV

v > 7v*. The determination of the minimum possible critical exponent y* € (1,3/2) is an integral part of the
problem. The solution of this issue is given by the following theorem, which is the main result of this paper.

Theorem 1.3. Let Conditions 1.1 hold. Then, for any
v > v = (7 +73)/12
and K € Qy,

|2

0¢ [u,

<c
L]“‘(K)
where ¢ > 0 and O > 0 are independent of €.

This theorem implies that, for y > v*, problem (1.1) has a rotationally symmetric weak solution satis-
fying all the conditions of Definition 1.2. It should be noted that the condition y > v* is satisfied by y =
4/3 (polyatomic gases), Y = 7/5 (diatomic gases), and y = 5/3 (monatomic gases). The existence of weak
solutions for all y> 1 remains an open question. The rest of this paper deals with the proof of Theorem 1.3.

2. LOCALIZATION AND ESTIMATES FOR POTENTIALS
2.1. Localization
The first step in the proof of Theorem 1.3 is to localize the equations in a neighborhood of an arbitrary

compact set K € Q. The localization procedure is based on the following auxiliary result.

Lemma 2.1. For any compact set K € Qy, there are functions {,n € C; (Qy) with the properties
{=m=1 on K, m=1 on suppl 0<{ n<lI, 2.1
and { and  are independent of the angular variable ¢.

Proof. Let ce C °°(]R3) be an arbitrary fixed monotone function such that ¢(s) = 0 for s <1/2 and
¢(s)=1fors > 1. Let
v, (x,1) = ¢(d " dist(x,0Q))c(d " dist(t,{0,T})).
Define
d = diSt(K’aQT): n*(x’ t) = vd/G(xst)’ C*(xat) = va’/2(x’t)-

The functions {* and n* are extended by zero to R’. The resulting functions are continuous and satisfy
the inequalities 0 < {* and n* < 1. Moreover, {* =1 in the d/2-neighborhood of the compact set K,
n* = 1 in the d/3-neighborhood of the support of {*, and {* = n* = 0 in the d/12-neighborhood of 9 Q.
Since Q; is rotationally symmetric about the x, axis, the function {* is also rotationally symmetric. For
any € > 0, we define the averaging operator

%S00 = [ ke be—shae™ e = )70z )dyds,
R4

where the standard averaging kernel ® is a nonnegative even infinitely differentiable function compactly
supported in the interval [—1, 1]. Its integral over the number line is equal to 1. Obviously, for sufficiently

small € > 0, the functions { = £ * and n = ¥ n* satisfy all the assumptions of the lemma.
Consider the functions
Pe =G0, Ve =Tu,. (2.2)

Assume that they are continued by zero outside Q. The properties of these functions are described by
the following assertion.

Lemma 2.2. There is R > 0 such that p(x,1) = 0 and v (x,1) = 0 for |x| +|f| = R. Moreover,

|2

el vy * [PVl - g e, * Vel atariesy < €. (2.3)
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Here, ¢(K) is a constant depending on K , but independent of €. Moreover, for any & e C w(R“), the functions
(pe, V,) satisfy the integral identity
j 0.V, - 9 E)dxdt + j PV, ®v, + P1—T.): VEdxdr + j F, - Edxdt = 0, 2.4)
R* R* R*

where the functions P,, T, and F, vanish for|x| + |t| > R and satisfy the estimates

”—[rs"Lz(R“) + ||F€"L'(1Te4) s¢ (2.5)
pl+epy <P.

Proof. The compactness of the support of (p,, v,) follows from (2.2). Estimate (2.3) is a consequence

of (2.2) and energy estimate (1.8). To derive integral identity (2.4), we choose an arbitrary € € C M(R“) and
replace & by (& in integral identity (1.9). As a result,

[ Peve-8)xdr + [ (peve ® v +Lpelool - ES(,)) : VEdxd:
R* R*

(2.6)
+ J. (pef + (Qeus ® US)VQ + qusatg - S(“S)VC) ' gd-x‘h =0.

R4
Defining
FS = pSf + (QS“E ® uS)VC + QS“SaIC - S(UE)VC,
P =" +e0"), T, =CS(u,).

and substituting these expressions into (2.6), we obtain (2.4). Estimates (2.5) are a straightforward conse-
quence of energy estimate (1.8).

2.2. Estimates of Potentials

In this section, we prove the basic estimates for the potentials of the functions p,. These estimates will
play a key role in the proof of Theorem 1.3. Consider a one-parameter family of integrals

G(r) = j pl(x,1) j Ix =y 'pe (0. 1)dy t dxdt. 2.7)

R |x=y|sr
Proposition 2.1. Under the conditions of Lemma 2.2, for any r € (0, 1/2),
G(r) S e’ (2.8)
where c is a constant independent of € or r.

The proof relies on the following lemma.
Lemma 2.3. Under the conditions of Lemma 2.2, satisfies the estimate

[ Il plaxar < e, (2.9)
R4
where the constant c is independent of €.

Proof. For any ¢ > 0, let
E; = |x|_l x if |20 &= o 'x if x| <o.
Substituting & into integral identity (2.4) yields the relation

[ peveive, 0, (0dxds + [ By 0,(0dxds - [ T,,0,(x)axdr + [ F, -Eqdxdt = 0, (2.10)
R4 R4 i R4 4

R
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where
0, = —|x|_3 X;X; if j#j |x=o0
Q; = |x|_3 (|x|2 - xiz) if |x| 20,
0, =63, if |x<o.

From this, we find

PeVeiVe Oy = p€|x|_3 (|x|2|v,3|2 — (v, - x)z) >0 if |x| >0,
PsZQii = 2|x|_1 P, if |x| >0,

Peveve, Oy =pM'0™, PRDYQ,=3c"'R if |x<o
Combining these relations with (2.10) and (2.5) gives the estimate
[] |x|_lpdedt+§J [ plaxdr<c| x| [T, doxdt + [ IF.faxar. (2.11)
c at

R |x|20 R |x|<c R*

Recall that the functions T, and F, are supported by the compact set |x| +[f| < R. Furthermore, for
almost every ¢ € (0,7"), we have

[l [T 0l dx < [T ey
R3
Applying estimates (2.5) yields

[ 1 T xatr + [ Fxdr < c.
R* R*
Substituting these inequalities into (2.11), we find that

I .[ |x|7lpzdxdt <c.

R|x|z0

Sending ¢ to zero produces the desired estimate (2.9).

Let us return to the proof of Proposition 2.1. For every x € ]R3, let
D) ={ye R :|x—y<rlx—y <2,
Dy(x) = {ye R’ : |x —y| <r, |x —y| > 2_1|x|}.

It holds that
-1
G(r) = G,(r) + G,(r), where G,(r)= j ol (x,1) j x =y pe(y,D)dy bdxat. 2.12)
R* Dy(x)
Let us estimate G,. Note that
j |x - y|_1p8(y, Ndy = Is_2 I p.dyrds + F '[ pdy. (2.13)
Dy(x) 0 B(x,s)NDy(x) B(x,r)nDy(x)

Let IT, c R’ denote the sector
I, ={x = (x,x,x3) : || < 0},
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ROTATIONALLY SYMMETRIC VISCOUS GAS FLOWS 393

where x, + ix, = te'’. Since p, is rotationally symmetric, we have

[ plndy =77 [ 0y < co. (2.14)

I, R?
This inequality is used to estimate the integral over the ball B(x,s) on the right-hand side of (2.13).
Since p.(x,?) is rotationally symmetric, it is sufficient to consider the case x = (x,,0, x;). In this case, we

have the inclusion
D/(x) N B(x,s) c I1,, o =arcsin(x|'s),
which, together with (2.14), yields the estimate
y-D/y 17y
[ pays<| [ av| | [plonay
B(x,s)NDy(x) B(x,s) I,
< cs3(y_l)/y(|x|_1 VT = s |x|_w, By-2)/y>1.
It follows that
J-sfz J‘ p.dypds < c|x|_1/yr(3yf2)/yfl = c|x|_w P
0 B(x,s)NDy(x)
Repeating the above argument, we find
(yv=D/y 1y
[ pvs| [ av| | [ploanay
B(x,r)ND,(x) B(x,r) Iy
< c1’3(‘(_1>/y(|x|_1 r)”Y = cr TN |x|_1/y, Gy-2)/y>1.
Substituting the resulting estimates into (2.13) yields
-1 —1y 2(y-1y/
J- Ix =y pen0)dy <clx Tr =iy,
Dy(x)

Combining this result with inequality (2.9), we derive the desired estimate for G:

G\ = [ plend [ =3 "p.n0dy | dxar
R* Dy(x) (2.15)
< crz(Y_])/YI |x|7l/ypz(x, Ndxdt < er*7.
RS
To estimate G,, we note that the definition of the set D,(x) implies the inequality

(y-D/y
I lx =y Py, 1)y < clx| I pe(,0)dy < c|x| J' iy
Dy(x) |x=y|sr byl
1y
X j Pg(y, I)dy < C|X|71 r3(“{—1)/y‘
[x—y|<r

Substituting this inequality into expression (2.12) for G, and applying estimate (2.9), we finally obtain
G, <7, (2.16)

It remains to be noted that estimate (2.8) is an obvious consequence of (2.15) and (2.16).
The result below.follows.directly from Proposition 2.1.
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Proposition 2.2. Under the conditions of Proposition 2.1, we have the estimate
2
.[ '[ |x y| - (W)/zdy dxdt < cr®Y, (2.17)
R* |x=y|<r
where c is a constant independent of € or r € (0, 1/2).

Proof. Forany A € R and r > 0, let
s

|x|i” = |x|7“ if |x| <r |x|r =0 if |x| >r.

Expression (2.7) for G implies the representation

2G(r) = le — W PI P (1) + pL(y, Dp(x, 1))dxdyd?. (2.18)
R7
Note that

P2 Dp P (D) = (e P, ) (P e D (1)
< %(ps(x, P PY (D) +pl(10) = E(pZ(x, NP, 1) + pL(y, DPe(x,1)).
Substituting this inequality into (2.18), we obtain the estimate

j|x A2, np V2 (y, dxdydt < G(r).

Combining this inequahty with (2.8) yields
j I = A, 1082, p V" (y, dxdydrt < G2r) < eV, (2.19)
R7
The standard estimates for the convolution of potentials show that
Jhe= a7l =2 e 5 el =T
R}
which, combined with (2.19), yields the inequality

HW—W%MWwMWM%M
R*

< [ = sop™ 2 0e 0p ™ (v, dxdydr < Gr) < er?@ .
R7
To derive estimate (2.17), it remains to be noted that

j{ﬂx 47U (x, t)dxHﬂy 7 (YH)/z(y,t)dy}dzdt

R* (R?
2

=I I Ix =" o 2gy | dxd.
R* [x—y|<r

Corollary 2.1. Under the conditions of Proposition 2.1, we have the estimate

2
J-[J- |x y| = (YH)/zdy} dxdt < c, (2.20)

R*\R’
where ¢ is a constant independent of €.
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Proof. It is true that

i\

R*\R?

2
-2
Ix — )] p‘f”’zdyj dxdt = j Fi(x,1) dxdt + j Fy(x, 1) dxdt, Q2.21)
R4 4

R
where

) D)
Reen= [ = pfdy, Bxn= [ -y pi™dy,
|x—y|<1/2 [x—[21/2

Proposition 2.2 implies the estimate
j Fi(x, ) dxdt < c. (2.22)
R4

Since p, is supported by the ball |x| +|f| < R and

Y
1 H < ¢, we have
pe( ) LI(RB) >

|Fy(x, 1) < el +]x) >
Moreover, the function F, is supported by the layer|f| < R. It follows that

j Fy(x, 1)’ dxdt < c. (2.23)
R4
It remains to be noted that the desired estimate (2.20) is a direct consequence of (2.22) and (2.23).

3. PROOF OF THEOREM 1.3
3.1. Estimates for the Density in Sobolev Spaces

In this section, we apply Proposition 2.2 in order to estimate p£y+1)/2 in a negative Sobolev space. Recall

that, for any s € R, the Hilbert space H 5(]1%3) consists of all slowly growing generalized functions

u e @'(R?) with a finite norm

1/2
e, = [I 1+ )™ [Fu©)” dé] :
R3

where Fu(E) is the Fourier transform of a generalized function u. The following proposition is the main
result of this section.

Proposition 3.1. Forany A > (y+1)/(3y—1),

(y+1)/2

Pe c, 3.1

<
L(R:H(RY))
where ¢ is independent of €.

Proof. Consider an arbitrary function u € Cy (R*) supported by the ball x| + || < 2R. Let w = (=A)"*u.
It is well known that

uxt) = c; [ [x= s Pwnody, we CTRY N LR, (3.2)
RB
where c; is an absolute constant. Then

[ o udxar = c; [ wix, ) U [x - ylzpi“”’zdyJ dxd. 3.3)
R4

R* R*
Fix an arbitrary monotone function ¢ C~(R) such that ¢(s) = 0 if s < 1/2 and ¢(s) = 1 if s > 1. Let
Ki(x) = exs(x /7, Kax) = e =gl /)]
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It follows from (3.3) that

[ o udxdr = | wix, r)[ [ Kitx=yp™20, r)dy} dxdi
R* R*

]R4

(3.4)
+ j w(x, t)[ j Ky(x — y)p?*”’zdyj dxdt.
R* R?

Introducing the function g = (1 — A)flw, we transform the first integral on the right-hand side of (3.4)
into the form

[ 86— A ([ Kix = yp™ dy)axat.

R* R

[ wex, r)[f Ki(x - y)pé“‘“dy] dxdt =
R* R*
Note that K| satisfies the inequality

4= A)K (x = y)| S er =7,

which implies the estimate

[ geena- A)[j K(x - y)pi”‘”dy} dxdt
R* R?

< cr_2j |g(x, t)|{

R* R

I |x - y|2p§7+1)/2dyJ dxdt.

Combining this with (2.20), we find

<er”lel e, - (3.5)

[ etna-a) { [ K- y)p?“”dy} dxdt
R}

RA

Note that |[K,(x)| < |x| and K,(x) = 0 for|x| > ». Combining this result with (2.17) yields

< e ||W||L2(R4) ,

[ wex, r)[j Ky(x - y)pé*““dy] dxd
R* R*
which, together with (3.5) and (3.4), gives the estimate

'[ pgﬂ)/yudxdt

R4

< e "W”Lz(th) +er? ||g||Lz(R4). (3.6)

By the definition of the space H*(R?), we have

”W”LZ(R“) S c||””L2(R;H‘(R3)) > ||g||L2(R4) = H(l - A)_l(_A)m”

2®Y S c”””LZ(R;H”(R%)'

From this relation and (3.6), it follows that any function u € C; (R*) supported by the ball |x| +f| < 2R
satisfies the estimate

< cr(Y_l)/z ”u"LZ(R;(Hl(]R3)) + CI'_2 ||u||L2(R;H71(R3)) . (37)

I p(syﬂmudxdt
4

R

Let he C™(R*) be an arbitrary function equal to 1 in the ball |x| + || < R and vanishing outside the ball

|| + || < 2R. Obviously, forany v € Cg'(R*), the function u = Av is supported by the ball|x| + || < 2R and
satisfies the inequalities

||u||L2(R;(H‘(R3)) = C||v||L2(R;(H'(R3))’ ||u||L2(R;(H"(R3)) = c”v||L2(R;(H“(R3))'
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Substituting u = hv into (3.7) and noting that
[ 9 udxdt = [ pI™ vaxdr,
R* R*

we see that the inequality

(3.8)

.[ pe' " vaxal < er " sy ¢ My
R4

holds for any function v e C; (R4). Therefore, it remains valid for any function v € Lz(R; H 1(R3)). Con-
sider functions {, : R* — R, k > 0, defined by the relations

Co® =1 if [§<2 L®=0 if [§>2
L€ =1if 2° <[g < 2" and k > 1, and {,(€) = 0 otherwise.
The projectors P, : L*(R*) - L*(R?) are defined as
F(Pu)(©) = ©)Fu®).
Obviously, forany s€ Randue H 5(R3), we have

c(s)_l ||u|

s S 22 Pty s, < ()]

k=0

2
HS(R3) .
It follows from this inequality and (3.8) that, for any function v € C; (R4),

(y+1)/2 _ (y+1)/2 (y-D/y
[ P yvdxdd =| [ pI™ Pvdxdd < er P p i,
R* R*

+er’? ”PkV”LZ(R;H*'(M ) S e(rVk 4 r7227k)||ka||Lz(R;Ho(Rs)).

)

—k2y/(3y-1)

Setting r = 2 yields the estimate

(y+1)/2 k(y+1)/(3y-1)
[ P& yvdxd < 2 [L:A% -
R4

Since v is arbitrary, it follows that
(y+1)/2 k(y+1)/(3y-1)
[P0 e, < €2 .
Noting that A = (y+1)/(3y—1) + 8, 8 > 0, we finally obtain the desired estimate (3.1):

2 2
P ( (y+l)/2) 2721{7» <ec 22k(y+l)/(3~/71)72kk <ec 272k6 <ec.
k pa
k k

LX(RY

(y+1)/2
€

PRAMERY)
k
3.2. Proof of Theorem 1.3

According to Lemma 2.2 on localization, to prove the theorem, it is sufficient to show that, for any
¥ > v* = (7 +73)/12, we have

c, 3.9

|2

Pelve

<
LI+9(R4)
where ¢ > 0 and ¥ > 0 are independent of €. To prove (3.9), we fix an arbitrary N > 0 and define
VO =ve@) i Ve, SN VO =0 if v 10, > N
Obviously, the vector field V is supported by the ball |x| + || < R and satisfies the estimate

”V”L”(R;H'(R})) <N.
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The subsequent argument relies on the following two lemmas.
Lemma 3.1. Let A € (0,1) and p = 3 — 2\. Then, for almost every t € R,

< p
iy SN (3.10)

vy

where c is a constant independent of €, t, or N .
Proof. For a fixed 7, let W = V()] N '. Obviously,
W ey <1 VW <ew VW,

Applying the Holder inequality

Vo 1B
[[vw|ax< [ | |W|q(p_1)“dx] U v W|"deJ
R’ R’ R’
with exponents

Bzz/qa azz/(z_Q)’ q:6/(2+p):

we obtain

/o 1/
vw’|'d s{ |W|6d] { |W|2dj <e.
J“ ‘ X H;£ X H£ X C

R}

Since W7 is supported by the ball |x| < R, it follows that

L —
whi(RY)
By the embedding theorems for fractional Sobolev spaces (see [10]), the embedding

Wl’m(|x| <R)—> H x(|x| < R) is continuous for m =6/3+2(1—A)). Setting g =m and noting that
2+ p=6/qg=5-2\or p=23-2\, we obtain

]
for p =3 —2A. Combining this estimate with HW”‘

mate (3.10).
Lemma 3.2. Let y > v*. Then there are constants ® > 1 and ¢ > 0 independent of N , € such that

p
H™( < CH H L4 sc
[x|<R) wh(|x|<R)

<clw]
H*(R?)

=N “|V(t)|”

yields the desired esti-
)

HM®RY HMR

[ |V *axdr < eN°. (3.11)
th
Proof. The kinetic energy density is represented as

P:[VP)” = VI (e [V,

where the constant k& will be specified later. Formally applying the Holder inequality yields

20/ (y+1)
_[ (Pg|V|2)0>dxdt < J-{J. p(gy+1)/2 |V|k(y+1)/2 dx} [
R4

R \R?

(Y+H1=2w)/(y+1)
2—-k D/ (y+1-2
[ [vjreiazngy R ER)
RS

The task is to choose parameters k and o such that the integrals on the right-hand side of the inequality
make sense. Let L € ((y+1)/(3y—1), 1) and

k=2p/(y+1), p=3-2)\.
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With this choice of k, inequality (3.12) becomes

20/ (y+1)
[ @ [V/)°dxdr < | [ [ o2 v dXJ [I [V["ax
R4

R\R’ R?

(Y+H1=20)/(y+1)
} “

where
K=20(y—2+20)/(y+1-2w).
Combining this result with the Young inequality yields the estimate

[ V[ dxdr < [ p& VI dxdt + [ |V["dxat (3.13)
R* R* R*

Since A € (0,1), inequality (3.1) in Proposition 3.1 and estimate (3.10) in Lemma 3.1 imply the following
estimate for the first integral on the right-hand side of (3.13):

j V2 \V|Pdxdr < j pff””(r)”yx . dt‘
Y 5 (R7)
R

NP (3.14)

Vel .o <
L (RHMR))
Since V(¢) is supported by the ball |x| < R, the inequality

”V(’) = "V(t) L5(x|<R) < c||V(t)||Hl(|x|S]R) = c”V(t)”H'(R3) SceN (3.15)

holds for all ke [1,6]. In turn, the inequality k¥ < 6 holds for all ® close to 1 and for all A close to
(y+1D/Gy-1Dif

LY(RY)

2(7—2+27—“j/(y—1)<6
3y—-1

or, equivalently, 672 —7v—1> 0. It is easy to see that the last inequality holds for all y > y*. Therefore,
there exist ® > 1and A € ((y + 1)/(3y —1), 1) such that k¥ < 6 and

[ IV dxdr < eRIVI}- sy < CRIVE - ey = N ™ (3.16)
R4

Here, we used the fact that V() = 0 for |t| > R. Combining estimates (3.13), (3.14), and (3.16) and noting
that p < 3 and K < 6, we derive the desired estimate (3.11).

Now, the proof of the main estimate (3.9) can be completed. Fix arbitrary K, N > 1 and introduce the
sets

Ey = {t : ”Vs(’)||H‘(R3) < N},
Ay =R’x€,y, By =R’XR\E,)
€ ={x0)punlveen’ 2 K}, 60 ={x:pxn)lve(xn)|’ = K}.
The definition of V() and inequality (3.11) imply the estimate
j (e |ve) dxdr = j (e [V)dxd < cN°.

Ay Ay
It follows that, for any K > 1,

meas(@ N y) < cK °N°, (3.17)

where c is a constant independent of €, K, or N . Note that the energy estimate implies that

[pelve)’dx <c,
Rl
which yields the estimate

meas @ ((r) < cK . (3.18)
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On the other hand, the estimate | < ¢ and the definition of the set € ,, imply

|V8”L2(R,H‘(R3))

meas(R\& ) < eN . (3.19)
Combining (3.18) with (3.19), we obtain the estimate

meas(6y N B y) = j meas @ ((1)dt < cK'N 7,
R\€
which, together with (3.17), yields the inequality

meas €, = meas(@ N )+ meas(€ "B ) <c(K°N®+K'N7?).
Setting N = K“™""®, we derive
meas{(x, 1) : p8|v£|2 > K} =meas@, < cK OV
where K is an arbitrary number greater than 1. It follows that the desired estimate (3.9), namely,

<c

2
Pe |V€| LORY

holds for any ¥ € (0, (w —1)/4).
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